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Simple archimedean dimension groups0
David Handelman1
Let (G,u) be an unperforated partially ordered abelian group with an order unit, u. It is simple if
every nonzero positive element is an order unit. By [G, ], it is archimedean2 if and only if for g in
G, τ(g) ≥ 0 for all pure traces τ implies g ∈ G+. Among unperforated groups, archimedean and
simple represent properties that are maximal and minimal, respectively—the former are those for
which the weakest necessary condition (that the values at traces be nonnegative) implies positivity,
while the latter are those for which the strongest sufficient condition (that positivity implies strict
positivity on traces) is implied by positivity. So it is a little difficult to construct dimension groups
that are both simple and archimedean, aside from subgroups of the reals. Question 4 of [G] asks
whether every Choquet simplex can be the trace space a of a simple archimedean dimension group;
we show this is the case for metrizable simplices, based on an interesting construction over the
interval.
The normalized trace space of (G,u) is denoted S(G,u); the latter’s extremal boundary is
denoted ∂eS(G,u). We use ˆ to denote the natural map G→ AffS(G,u), given by gˆ(τ) = τ(g).
An alternative formulation of simple and archimedean (in the presence of an order unit) is the
following. Suppose G admits an unperforated partial ordering such that the map G→ AffS(G,u)
is an embedding; then the ordering is unique (the smallest ordering is strict ordering, the largest
ordering is the pointwise one).
The following is practically tautological.
LEMMA 1 Let (G,u) be an unperforated partially ordered abelian group with order unit.
Then G is simple and archimedean if and only for all g ∈ G \ {0}, infτ∈∂eS(G,u) τ(g) 6= 0.
Proof. A standard facial argument shows that infτ∈∂eS(G,u) τ(g) > 0 implies infτ∈S(G,u) τ(g) > 0
(even though ∂eS(G,u) need not be compact)—the condition implies that τ(g) ≥ 0 for all traces
τ ; set F = {τ ∈ S(G,u) | τ(g) = 0}—it is easy to see that if nonempty, this is a closed face, hence
has extreme points, which (since F is a face) are extreme with respect to S(G,u).
Assume G is archimedean and simple; the former says that infτ∈∂eS(G,u) τ(g) = 0 entails
g ∈ G+; simplicity implies g would be an order unit, hence the infimum would be strictly greater
than zero.
Conversely, suppose nonzero g satisfies τ(g) ≥ 0 for all pure τ . By hypothesis (the infimum is
not zero, hence must be strictly positive), τ(g) > 0 for all pure τ , hence (by the first paragraph),
τ(g) > 0 for all traces, whence g is an order unit and thus in the positive cone, so G is simple and
archimedean (simultaneously). •
Note that the criterion refers to all nonzero g, not just those in G+ (which would characterize
simplicity). In particular, a simple archimedean group which is also an ordered real vector space
must be the reals with the usual ordering (pick any nonzero g in G+, and let α = inf τ(g);
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2 This uses the classical definition of archimedean: for elements g and h of G, ng ≤ h for all
positive integers n implies −g ≥ 0. In the presence of an order unit, this is equivalent to the
trace-determining condition in the text, and in particular shows that the map G→ AffS(G,u) is
an embedding (an order-embedding, in fact) when G is archimedean. A much weaker definition—
irrelevant here—is used by a large group of workers in real algebraic geometry, causing confusion.
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then g − αu vanishes at an extreme point—again, using the facial argument—and is nonnegative
everywhere; archimedeanness entails g ≥ αu, and simplicity then forces g = αu).
An extreme version is the following. An unperforated partially ordered abelian group with
order unit, (G,u), is extremely simple if for all g ∈ G \ {0}, and all pure traces τ , τ(g) 6= 0.
To see that this implies the criterion of Lemma 1, we use the facial remark in the first paragraph
of the argument—if G is extremely simple and τ(g) ≥ 0 for all pure τ , the hypothesis ensures that
τ(g) > 0 for all pure τ , and the facial argument entails g is an order unit, so the infimum is strictly
positive.
Obvious examples are subgroups of the reals with the relative ordering. There are others.
Examples of extremely simple dimension groups with modestly interesting trace spaces.
1 Suppose αi (i = 1, 2, . . . , n) are real numbers such that each of {1, αi} is linearly independent over
the rationals (that is, none of αi is rational). Let G be the subgroup of R
n spanned (as a group)
by the standard basis vectors {ei} together with the element E =
∑
αjej . Then G is a free abelian
group of rank n + 1; equipped with the relative order inherited from Rn (i.e., G+ = (Rn)+ ∩ G,
where Rn has the usual coordinatewise ordering), G is unperforated and it is easy to check that
all the pure traces on G are given by the n coordinate evaluations, and the linear independence
hypotheses ensure G is extremely simple. In this case, the pure trace space consists of n points.
If we additionally insist that the set {1, α1, α2, . . . , αn} be linearly independent over the ra-
tionals, then as is well known, G is a dense subgroup of Rn, and being simple, is thus a dimension
group.
2 Suppose that K is an algebraic extension field of Q, and in addition K is formally real, i.e., if not
all ki are zero, then
∑
k2i 6= 0 (or what amounts to the same thing, K admits a real embedding).
Impose on K the sums of squares ordering (that is, K+ consists of the set of sums of squares). As
K is formally real, this is a proper cone, and from algebraicity, it follows and is easy to check that
1 is an order unit for K; moreover, inverses of positive elements are positive, and multiplication
preserves the positive cone. It is known that K is a dimension group [H; old paper], i.e., satisfies
interpolation (this is true for any formally real field, not just algebraic extensions of the rationals).
For a partially ordered ring with 1 as order unit, the pure traces are multiplicative, in particular
are ring homomorphisms. Since K is a field, none of these have nontrivial kernel, verifying extreme
simplicity. In particular, K is a simple archimedean dimension group, which is also an ordered
ring.
The pure trace space can be interesting. Let K be QR, the subfield of the reals consisting of
all elements algebraic over Q (QR is of index two in the algebraic closure of Q). Then the pure
traces can be identified with the Galois automorphisms of QR, and in particular, the pure trace
space is the infinite, nonatomic, and totally disconnected separable set (sometimes called the (or a)
Cantor set, although von Neumann compactum would be at least as appropriate since he proved
its uniqueness). •
Extreme simplicity is drastic, as evidenced by the trivial Lemma 2.
LEMMA 2 Suppose that (G,u) is a dimension group with order unit, and there exists a
connnected subset U of ∂eS(G,u). Then there exists g in G and s in U such that gˆ is not
constant on U , and s(g) = 0.
Proof. Given distinct v and w in U , there exists h in G such that hˆ(v) 6= hˆ(w). Since hˆ|U is
continuous and U is connected, the range of hˆ|U is a nontrivial interval. Let q = a/b be a rational
number (with a an integer and b a positive integer) in the interval. There exists s in U such that
hˆ(s) = q. Set g = bh − au; since hˆ is nonconstant on U and uˆ is the constant function 1, gˆ is not
constant on U . •
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In particular, if (R, 1) is an unperforated partially ordered ring with 1 as order unit, and R
is extremely simple, then the pure trace space (known to be compact, since the pure traces are
exactly the multiplicative ones) must be totally disconnected, as in Example 2 above. We simply
note that if ∂eS(R, 1) contained a connected subset, then by Lemma 2, there would be an element
r together with a pure trace x such that x(r) = 0, and moreover archimedeanness entails rˆ 6= 0, so
r2 is not zero. Then r2 is nonnegative at every pure trace (since all such are multiplicative), hence
by archimedeanness, r2 would belong to R+, and of course, x(r2) = 0, contradicting Lemma 1.
This seems about the end of the road for extremely simple (dimension) groups.
EXAMPLE 3 Simple archimedean dimension groups with the unit interval as pure trace
space.
Proof. Recall from Example 2 above, the maximal algebraic (over the rationals) subfield of the
reals, QR. Let {αi}i∈N be a countably infinite set of real numbers such that the enlarged set
{1}∪{αi}i∈N is linearly independent over QR—e.g., if t is a transcendental number, we could take
αi = t
i, or we could simply insist that {αi} be algebraically independent over Q.
Inside the real polynomial algebra R[x], define the elements, e0 = 1, ei = x
i − αi (i =
1, 2, 3, . . . ), and define G ⊂ R[x] to be the rational span of {ej}j≥0.
Equip R[x] with the strict ordering as a subgroup of C([0, 1],R), so that R[x] is a simple
dimension group (since the image is dense), and put the relative ordering on G. Automatically, G
is simple. Next, G is a rational vector space, so its closure with respect to the supremum norm—
equivalently the norm on R[x] with the strict ordering—is a real vector space, and thus each xi is
contained in the closure of G. Hence G is dense in C([0, 1],R) (since R[x] is), and in particular, its
pure trace space is the same as that of R[x], namely [0, 1], and moreover, G is a dimension group.
We show that G is archimedean by verifying the condition of Lemma 1.
Pick (to begin with) an arbitrary nonzero element of G, g = q0 +
∑n
1 (x
i −αi)qi, where qi are
rationals; since g is not zero, not all the rational coefficients are zero. If α is a real number that is
algebraic over the rationals, then g(α) = 0 entails q0 +
∑n
1 qi(α
i − αi) = 0, yielding the equation,
q0+
∑
i=1 qiα
i =
∑
qiαi; the left side is algebraic (over the rationals), hence belongs to QR, while
the right side is a rational- (hence a QR-) linear combination of {αi}. By our assumption, both
sides must be zero, which forces q1 = q2 = · · · = 0, and this in turn forces q0 = 0, a contradiction.
The conclusion is that if g is an element of G and not a constant, then it cannot have any zeros at
algebraic points.
Now suppose that nonzero g in G has minimum 0 as a function on the unit interval. Then
inf g(α) = 0 for some α in the unit interval. By the preceding paragraph, α is not algebraic, so
in particular, cannot be zero or one; thus it must be an interior point, and since g is nonnegative,
α is the location of a minimum of g (as a continuous function on [0, 1]). Since g is a polynomial
and α is an interior point of the interval, we must have g′(α) = 0. But this entails
∑
qiiα
i−1 = 0,
which in turn entails either that α is algebraic, or that q1 = q2 = · · · = qn = 0, hence q0 = 0; either
way, we reach a contradiction. Thus g in G\{0} with g|[0, 1] ≥ 0 forces g to have no zeros in [0, 1].
This verifies the criterion of Lemma 1.
Thus G is a simple archimedean dimension group whose pure trace space is the unit interval.
A sensitivity phenomenon occurs if we change the endpoints of the interval from [0, 1] to [a, b].
If both a and b are algebraic, then the same argument applies (since the putative functions cannot
vanish at either endpoint, hence any zeros must be in the interior, whence the derivative argument
works). On the other hand, if either a or b is of the form α
1/k
k (where this makes sense, e.g., if k is
even, then αk must be positive) for some k, then one of ±ek = ±(x
k − αk) (an element of G) will
vanish at one point of the interval while being strictly positive on the rest of it—in particular, the
so-constructed simple dimension group G will not be archimedean. •
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In this example, we can consider the ordered tensor product,H := G⊗ZR; as vector spaces, the
obvious map H → R[x] is an isomorphism inducing an affine homeomorphism on their respective
trace spaces; it is also positive. Since G and R are simple dimension groups, so is H, and it follows
that the map is an order-isomorphism (of ordered vector spaces).
However, we could just as well have imposed a different ordering on R[x] which yields exactly
the same pure traces—for example, the positive cone generated additively and multiplicatively by
{R+, x, 1 − x} (Renault’s example). This is a non-simple dimension group with pure trace space
[0, 1]. The inclusion G ⊂ R[x] yields the same ordering on G (that is, with this latter ordering on
R[x], the relative ordering on G is the same as the original), so that in this case the natural map
H → R[x] is not an order isomorphism (the left is simple, the right isn’t), although it is a vector
space isomorphism which is also positive.
Another candidate for the ordering on R[x] is pointwise on [0, 1], that is, make R[x] itself
archimedean; the same remarks apply, except I cannot see whether it is a dimension group.
The idea underlying Example 3 yields a complete answer (at least in the metrizable case—
without metrizability, there probably is an argument, but it looks like a lot of effort) to Goodearl’s
question.
EXAMPLE ∞ For every metrizable Choquet simplex K, there exists a countable simple
archimedean dimension group whose trace space is (affinely homeomorphic to) K.
Proof. Let K be a metrizable Choquet simplex, and let u0 = 1, u1, . . . be a countable set of
elements of A := AffK (where 1 simply means the constant function) such that {ui} is linearly
independent over the reals, and its real span is dense in A. We will construct out of this a rational
vector subspace of A (parallel to the development of the polynomial example), G, satisfying the
criterion of Lemma 1.
Let s−(g) = infτ∈∂eK g(τ) and s+(g) = supτ∈∂eK g(τ). The facial argument yields that the
values are actually attained on ∂eK, i.e., there exist τ+ and τ− in ∂eK such that both equations
τ±(g) = s±(g) hold. For a subgroup J of A, denote by s(J) the subgroup of the reals generated
by set of values of s−(g) as g varies over J ; since J is closed under multiplication by −1, this is
the same as the group generated by the set of values of s+(g), which explains the lack of sign in
s(J). Obviously s(J) is a subgroup of the reals; if J is a rational vector space, so is s(J), and if
J is countable, so is s(J). It is not clear that the set of values of the s−(g) (running over J) is a
group, but fortunately all that matters for this example is cardinality of the group it generates.
We proceed to define vi inductively, so that ifHi is the rational vector space span of {v0, v1, . . . , vi},
thenRHi is the real span of {u0, u1, . . . , ui} for all i, and various other properties. Let v0 = u0 = 1;
suppose we have v0, . . . , vk−1 with the following properties:
(a) there exist nonzero real numbers λi such that for all 1 ≤ i ≤ k− 1, vi = ui− λi (this notation
identifies λi with the corresponding constant function; to be pedantic, vi = ui − λi1 where 1
is the constant function with value 1);
(b) On defining Hi as above, for 1 ≤ i ≤ k − 1, for all g ∈ Hi \Hi−1, each of s±(g) is a nonzero
rational multiple of λi modulo s(Hi−1 +Qui), and moreover, λiQ ∩ s(Hi−1 +Qui) = {0}.
We will show the inductive process can be continued.
Consider the countable rational vector subspace of the reals, s(Hk−1 + Quk); we may thus
select nonzero real λk such that λkQ ∩ s(Hk−1 +Quk) = {0}, and set vk = uk − λk. Obviously
the real span of {ui}
k
i=0 coincides with the real span of {vi}
k
i=0. We observe that since the set
{uj} is linearly independent over the reals, so is the set {v0, v1, . . . , vk}, and therefore it is linearly
independent over the rationals. Then define Hk = Hk−1 + vkQ, and select g in Hk \ Hk−1. By
linear independence, we have g = (uk − λk)qk +
∑
i≤k−1 qivi with qk 6= 0. Set g0 = g + qkλk; this
is in Hk−1 + ukQ.
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Suppose s−(g) = α, so that g ≥ α (as functions on K), and thus g0 ≥ α+ λkqk. There exists
pure τ0 such that τ0(g) = s−(g); obviously, τ0(g0) = α + λkqk. Thus s−(g0) = α + λkqk, so the
latter number is in s(Hk−1 + ukQ). Hence s−(g) = α = −λkqk + (α + λkqk), so belongs to the
coset, −λkqk + s(Hk−1 +Qui), in R/s(Hk−1 +Quk); this is nonzero since qk and λk are not zero
and λkQ ∩ s(Hk−1 +Quk) = {0}.
The same computation with a couple of inequalities reversed shows that s+(g) ∈ −λkqk +
s(Hk−1 +Quk). This completes the inductive process.
Now set G to be the rational span of {vi}
∞
0 ; obviously, this is an increasing union of the
Hk. Since G is a rational vector space, its closure (within A) is a real vector space, and therefore
contains RG, which in turn contains the real span of {ui}, and is thus dense. Hence G is dense in
A. Impose the strict ordering on G, so that G is a simple dimension group (we finally use the fact
that K is a Choquet simplex). Now we verify that G satisfies the condition of Lemma 1.
Select nonzero g in G. Since G is the union of the ascending chain of subgroups {Hi}, there
exists k ≥ 0 such that g belongs to Hk \Hk−1 (define H−1 = {0}). From the computation above,
s−(g) belongs to a nontrivial coset of a rational subgroup of the reals, hence cannot be zero. Thus
G is a simple archimedean dimension group, a dense subgroup of AffK, and it is immediate that
its normalized trace space is K. •
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